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Abstract

Bifurcation analysis and nonlinear model predictive control were
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performed on drug addiction models. Rigorous proof showing the

existence of bifurcation (branch) points is presented along with
computational validation. It is also demonstrated (both numerically and
analytically) that the presence of the branch points was instrumental
in obtaining the Utopia solution when the multiobjective nonlinear
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model prediction calculations were performed. Bifurcation analysis

was performed using the MATLAB software MATCONT while the multi-
objective nonlinear model predictive control was performed by using

the optimization language PYOMO.

Introduction

Mental health has become a significant focus for research-
ers and medical doctors in the last decade. Ironically, drug
addiction is both cause and effect for the existence of mental
health problems. People with mental health issues resort to drugs
and drugs in turn lead to mental health problems. Additionally,
drug addiction has led to a considerable amount of poverty and
crime. Itis therefore important to develop strategies to curb drug
addiction. The problem of drug addiction has led to computational
research to develop reliable techniques to be able to control drug
addiction. This work aims to perform bifurcation analysis in con-
junction with Multiobjective Nonlinear Model Predictive Control
(MNLMPC) calculations on models involving drug addiction.
This paper is organized as follows. First, the background section
with the literature review is presented. The bifurcation analy-
sis techniques and the multiobjective nonlinear model predictive
control strategies are presented followed by a description of how
the presence of singular points affects the MNLMPC calculations.
Two drug addiction example problems where MNLMPC calcula-
tions are performed in conjunction with bifurcation analysis are
presented. It is numerically demonstrated that the presence
of bifurcation points in the drug addiction models enables the
MNLMPC calculations to converge to the Utopia solution.
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Background

Studied [1] the dynamics of tobacco addiction models. Per-
formed [2-4] dynamic and optimal control studies of drug ad-
diction models. Investigated [5] the effect of having drug reha-
bilitation centers to combat drug addiction. Developed [6,7] a
mathematical analysis of some dynamic Models of drug addic-
tion, while [8] studied the dynamics of drug resistance. Mod-
eled [9,10] the dynamics of crystal meth abuse and heroin
epidemics. Examined [11] the effect of recycling the recovered
individuals back into the population while [12] studied the ef-
fect of drugs on global health. Studied [13] the effect of canna-
bis on mental health [14] investigated the use of strategies to,
monitor alcohol and substance abuse. Studied [15-17] dynamic
models involving illicit drug use. All the optimal control work
done so far involves single objective minimization. In this work
multiobjective nonlinear model predictive control calculations
are performed on drug addiction models in conjunction with
bifurcation analysis. It is numerically demonstrated for two
probels involving drug addiction that the presence of bifurcation
points enables the MNLMPC calculations to converge to the Uto-
pia solution. The bifurcation analysis and the MNLPMC methods
will now be presented followed by an explanation as to why the
presence of bifurcation points leads to the MNLMPC calcula-
tions converging to the Utopia solution.

Citation: Sridhar LN. Bifurcation analysis and multiobjective nonlinear model predictive control of drug addiction models. Int J

Clin Med Case Stud. 2024; 1(1): 1002.




Sridhar LN

International Journal of Clinical & Medical Case Studies

Bifurcation analysis

The existence of multiple steady-states (caused by limit and
branch point singularities) and oscillatory behavior caused by
Hopf bifurcation points) in chemical processes has led to a lot
of computational work to explain the causes of these nonlinear
phenomena. N MATCONT, [18,19] is a commonly used software
to find limit points, branch points, and Hopf bifurcation points.
Consider an ODE system

x=f(x0) (1)

x € R" The tangent plane at any point x is [VisVy, V3, VgV .
Define matrix A given by

O Oh Oh Oh O O
0x; 0x, 0dxg3 O0x, ox, 0
o, of, of, o, () of of

A=|0x; 0x, 0x3 ox, dx, Of

........................................................... (2)

With B the bifurcation parameter. The matrix A can be
written in a compact form as

- (5] 62

The tangent surface must satisfy
Av=0

For both limit and branch points the matrix B must be singu-
lar. For a limit point (LP) the n+1" component of the tangent
vector V,,1 = 0 and for a branch point (BP) the matrlx[ }must
be singular., The function det(2f,(x'B) ® I,) should be zero
for a Hopf bifurcation point. © indicates the bialternate prod-
uct while 7 is the n-square identity matrix. A detailed deri-
vation can be found in [20,21] and [22]. Used Matcont to [23]
perform bifurcation analysis on chemical engineering problems.

(5)

MNLMPC (Multiobjective Nonlinear Model prediotive
control) method

The multiobjective nonlinear model predictive control (MN-
LMPC) method was first proposed by [24] and used by [25]. This
method is rigorous and it does not involve the use of weighting
functions not does it impose additional parameters or addition-
al constraints on the problem unlike the weighted function or
the epsilon correction method [26]. For a problem that is posed
as

min J(x,u) = (x,,x,....x;) (6)

subject to % = F(x,u);h(x,u) <0;x" <

The MNLMPC method first solves dynamic optimization
problems independently minimizing/maximizing each x; indi-
vidually. The minimization/maximization of X; will lead to the
values x . Then the optimization problem that will be solved is

min/ {x, —x; }°
dx
subject to ;zF(x,u);h(x,u)SO;xL <x<x¥ut <u<a?
t

This will provide the control values for various times. The
first obtained control value is implemented and the remaining
discarded. This procedure is repeated until the implemented
and the first obtained control value are the same.

The optimization package in Python, Pyomo [27] where the
differential equations are automatically converted toa Nonlinear

Program (NLP) using the orthogonal collocation method [28] is
commonly used for these calculations. The state of the art solv-
ers like IPOPT [29] and BARON [30] are normally used in con-
junction with PYOMO.

Effect of singularities (Limit Point (LP) and Branch Point
(BP)) on MNLMPC

Let the minimization be of the variables | result in the values
M, and M, . This The multiobjective objective function to be
minimized will be

j((pl(t)dt)—M])z +j((p2(t)dt)—M2)2 resulting in the problem

min [ ((p,()d) =M )’ + [ ((p,(O)d) M, )" = [ P(x,0)dt (1)

dx,
=g 2)

The Euler Lagrange equation (also known as costate equa-
tions will be
dxl (_ 2) (3)
dr
/11. is the Iagranglan multiplier. Taking the derivative of the
objective function we get

dix‘((m*M1)2+(P2*M2)2)=2(P\ M) (p. -M)+2(p,-M, )f(pz M,) (4)
At the Utopia point both (p, —M,) and (p, —M,) are
zero. Hence
d
_((pl_Ml)2+(p2_M2)2):0 (5)
dx,
The co-state equation in optimal control is
d d
_(ﬂv):__((pl_M1)2+(pz_M2)2)_g/li (6)
dt dx,

4(t,)=0
/11. is the lagrangian multiplier. The first term in this equa-
tion is 0 and hence

d
—)=-g4
dt( 1) gx T

A(t,)=0
‘ X
If the set of ODE — = g(x,u) has a limit or a branch point,
g, issingular.

This implies that there are two different vectors-values for
[4] where j,<4>>° and _(4)<0. In between there is a vector
[4,] where —(i) 0 ThIS coupled with the boundary condition
A(t)=0 W|II lead to [4]1=0 which will make the problem an
unconstrained optimization problem. The only solution for the
unconstrained problem is the Utopia solution.

Results and discussion

In this section, the results of bifurcation analysisand MNLMPC
calculations for two problems involving drug addiction are pre-
sented. The models used are described in Islam et al (2020) and
Mushayabasa et al (2015b). The equations for each problem
are presented followed by the bifurcation analysis and MN-
LMPC results.

Problem 1: Islam etal (2020 Equations representing Problem
1)

S, (¢) represents individuals who are not drug users, but
at a high risk of taking drugs
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o L(t) represents light drug users
o H(t) represents heavy drug users

. R (1) represents drug users under treatment in rehabili-
tation

o Q(t) represents individuals who will never take drugs

The equationsare

dci" =r—aS,H-uS,-uS,
%:aSaH—yL—ﬂL—éL—uzL (7)
Cil—]j:ﬂL—yH—yH+paR—u3H
%:yH—,uR—QR—paR

d

99 _oR— p0+uS, +u,L+uH

dt

The model parameters are
r=4.25u=0.00561;a = 0.002; 8 = 0.6; 6 = 0.025;
y = 1.5;pa = 0.02

U,,U,,Us are the control variables

Where
J 7 represents the recruitment rate of the population
M is the natural mortality rate

o « is the interaction rate among the susceptible and
light drug users

[ is the effective rate at which light users convert into
heavy drug users

° O the removal rate from addiction without treatment

¥ is the rate at which heavy addicts are being sent to
rehabilitation for treatment

u, is the awareness and educational programs

u, is the family based care

u, represents the effectiveness of rehabilitation centers
Bifurcation analysis for problem 1

When bifurcation analysis with & being the bifurcation pa-
rameter was performed on the equations representing problem
1, a branch point was found at [S ,L,H,R ,Q, u] values of
(782.26, 0.0, 0, 0,0, 0.005433 ). Fig. 1a shows the bifurcation
diagram with this branch point.

MLNMPC for problem 1

For the MNLMPC of problem 1,2Q(f) was maximized and
resulted in a value of 2000; while ZH(Z) was minimized and
resulted in a value of 0. The multiobjective optimal control prob-
lem involved the minimization of (3" 0(r)-2000)* + O H(1)-0)’
subject to the dynamic equation set representing this problem .
This resulted in the Utopia point of 0 and the MNLMPC values of
the the control variables obtained were [u,,u,,u,] =[0.0004,
0.0405, 0.5362]. The MNLMPC profiles are shown in figures 1a-
1i.

Problem 2 Mushayabasa et al (2015b)
Equations representing Problem 2

In this problem, the time-dependent variables are

o Sy (t) susceptibleindividuals
o I(t) lightoroccasionaldrugusers

o lqy (t) heavy drug users

o My, (t) mentally ill population and (individuals who suffer
mental illness due to drug use,

o Ry (t) detected illicit drug users

The equations that represent the drug addiction problem are

B = (-u)28, - pS,
dt
dl
dtv =(1-u)AS, —(a+yv.+o+u+y)l,
dl
~ =gl — +o+u+d)l
d al,—(pv. +¢+p+d)l, (8)
dﬁt":olv+¢lm,—(y+evc+5)Mv

'R
dd; = v, (71 +pl,, +eM,)~(u+ )R,

A=, +k,)

andthe parametervalues are

w=0.3; £=0.02; k=1.25; f=0.35; y=0.1,
p =035 £=0.6;0 =0.01; w=0.035; 6=0.14; d =0.2;
o =0.05; ¢=0.09;

U,,Vv. are the control variables
Here,

o o represents the rate at which light drug users become
heavy drug users

¥,&, P the rates of detection and rehabilitation of indi-
viduals in classes [ ,M ,1I

o O, @ the rates at which light and heavy illicit drug users
develop mental illness

w,d the permanent exit rates of light and heavy users

o O mentally ill individuals who permanently exit the mod-
el because of death

. @ the rate at which individuals recover as a result of re-
habilitation

[ the strength of interactions between susceptible indi-
viduals and illicit drug users

u, represents the reduction of the intensity of “social in-
fluence”

v, models the effort on the detection of illicit drug users
Bifurcation analysis for Problem 2

When bifurcation analysis with & as the bifurcation param-
eter was performed on the equations representing problem 2,
a branch point was found at[S,,/,,/,,M ,R ,a] =10,
0.0, 0.0, 0.0, 0.0, 0.430112]. The bifurcation diagram is shown
in Figure 2a.
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MLNMPC for problem 2

For the MNLMPC of problem 2, Z[V(t) and ZIav(t) were
minimized individually and both the minimizations resulted in a
value of 0. The multiobjective optimal control problem involved
the minimization of (lev(t))2 + (Z:Iav(t))2 subject to the dy-
namic equation set representing this problem. This resulted in
the Utopia point of 0 and hte MNLMPC values of the the control
variables obtained were [u,,u,,u;] =[0.0004, 0.0405, 0.5362].
The various MNLMPC profiles are shown in Figures 2b-2h.

Two problems involving drug addiction models have been
shown to exhibit branch points leading to two different solution
branches. In both cases, it is computationally shown that the
MNLMPC calculations would converge to the Utopia solution as
the theoretical analysis predicts.
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Conclusions and future work

Branch points leading to two separate branches were exhibited
when bifurcation analysis was performed on the two drug addic-
tion models considered in this paper. Rigorous analysis demon-
strated that the presence of the branch points would result in the
MNLMPC calculations. This fact was also computationally validat-
ed. Future work would involve using drug addiction models with
time delay.
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paper.
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